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Abstract 

An electron moving on plane in a uniform magnetic field orthogonal to plane is known as the 
Landau problem. Wigner functions for the Landau problem when the plane is noncommutative are 
found employing solutions of the Schrodinger equation as well as solving the ordinary *-genvalue 
equation in terms of an effective Hamiltonian. Then, we let momenta and coordinates of the phase 
space be noncommutative and introduce a generalized *-genvalue equation. We solve this equation 
to find the related Wigner functions and show that under an appropriate choice of noncommutativity 
relations they are independent of noncommutativity parameter. 
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1 Introduction 



Deformation quantization which is also known as Weyl-Wigner-Groenewold-Moyal quantiza- 
tion describes a quantum system in terms of c-number phase space variables 0. The correspon- 
dence with the operator quantization is due to symbol maps and star products. Operators are 
mapped into c-number functions however, their composition is given by star product which is 
noncommutative but associative. One of the most important ingredients of deformation quan- 
tization is Wigner function0. It is essential to define phase space integrals corresponding to 
expectation values of operator formalism. 

When classical coordinates are converted into noncommuting variables they mutate into 
operators. Thus after performing canonical quantization of noncommutative systems one should 
deal with two kind of operators. This can be avoided by formulating noncommutativity of 
coordinates as deformation of commuting ones. One can adopt all the machinery developed in 
deformation quantization. 

An electron moving on plane in a uniform external magnetic field orthogonal to plane is 
known as the Landau problem. Different aspects of the Landau problem in noncommutative 
coordinates have been widely studied|§. Our aim is to derive Wigner functions for the Landau 
problem for two different noncommuting spaces: When only coordinates are noncommuting 
and then letting coordinates as well as momenta are noncommuting. 

In Section 2 we briefly recall definitions of Wigner function. In Section 3 we study the Lan- 
dau problem on the noncommutative plane by adopting a differential representation for quan- 
tum mechanical operators. This yields Wigner functions which are formal. However, guided by 
this formulation we define an effective Hamiltonian and obtain Wigner functions utilizing the 
usual deformation quantization. When both quantum mechanics and noncommutativity are 
formulated as deformations, it is plausible to consider all of phase space variables on the same 
footing. Indeed, in Section 4 deformation quantization is adopted by letting coordinates as well 
as momenta are noncommuting for the Landau problem and the related Wigner functions are 
calculated. Moreover, we show that noncommutativity relations can be chosen such that the 
resultant Wigner functions are not aware of noncommutativity of phase space variables. These 
Wigner functions can be used to calculate some physical quantities in noncommutative spaces. 
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2 Wigner Functions 

Wigner functions can be defined equivalently in two different ways. One of them refers to the 
operator formulation of quantum mechanics: Let the Hamiltonian operator be Ti and define 
the eigenvalue problem 

Hi){x) = £ip(x). (1) 

If we denote its spectrum by E\ and the corresponding eigenstates by ipi(x), (diagonal) Wigner 
functions are defined as 

Wt(x, 7?) = i- J d d s - ^g) e -^%(x + ^s), (2) 

where (x, tt) are 2d dimensional phase space variables. 

Wigner functions can also be defined without referring to the operator formalism of quantum 

mechanics (|T]), by introducing the fr-star product 

i% /•<-->■<--+ \ 
^ = exp — {dx ■ d#-di{ ■ dx)- (3) 

Now, the Wigner functions are defined as ^-genvalue equation 

H* h W l (S,if)=£ l W l (S,Tf), (4) 

where 7i is the classical Hamiltonian function corresponding to Ti. 

These two definitions are equivalent . Wigner function are used to define integrals in the 
deformation quantization corresponding to expectation values in operator formulation. 

3 Wigner Functions for the Landau Problem in Non- 
commutative Coordinates 

An electron moving in the plane which is perpendicular to the external uniform magnetic field 
B, neglecting spin, is described by the Hamiltonian 



H = ±-(p + IX?. (5) 



where we adopt the symmetric gauge 



Consider the coordinates satisfying 



[x, y] = i6, 



(7) 



where 9 is a constant parameter. Because of being operators even at the classical level, we 
denoted noncommuting coordinates as x, y. Noncommutativity can be imposed by treating the 
coordinates as commuting, but introducing the (9-star product 
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*e = exp — [dxdy - d y d x )- (8) 

Now, we deal with the commutative coordinates x and y but composition of functions is given 
by #-star product (||). For example, instead of the commutator (^) one introduces the Moyal 
bracket 

x* e y - y* e x = id. (9) 

We quantize this system in terms of the standard canonical quantization by establishing the 
usual canonical commutation relations 



[ri,Pj] = ihSi 



(10) 



and adopting the usual differential representation 



Pi 



•ft 9 
-in—. 

on 



Note that we use the same notation for the (quantum) operator and classical coordinates 
f = (x, y). 

One of the receipts to define quantum mechanics in noncommutative coordinates is to inter- 
pret derivatives as momentum operators: d = ^p. According to this receipt, in the symmetric 
gauge (|6]) the Hamiltonian operator H corresponding to (|5D, acting on an arbitrary function 
\I/(r) yields 



eB 



eB 



(12) 



where, in terms of k = we defined 



2m 



N . eB \ 2 (. . A eB - 2 
1 + K)p x - —y I + ^(1 + K)p y + —x 



(13) 



The eigenvalue equation 

H nc <j)(r) =E<f)(r), 

can be solved in polar coordinates and its eigenstates can be given in terms of the Laguerre 
polynomials in (x 2 + y 2 ). These solutions are not suitable to find the related Wigner functions 
although, formally we can write them by making use of the definition (^). Another method 
may be to use definition of Wigner functions in polar coordinates^. 

We would like to use the fact that effectively the Landau problem is one dimensional har- 
monic oscillator. The operator 
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Px - -Try - i [Py + -rrx 



y / 2mhuj 

and its hermitian conjugate can be shown to satisfy 



(14) 



[a,a!] = l, (15) 

where Cj = (1 + k)uj and u = — is the cyclotron frequency. 
The Hamiltonian becomes 

H = hCo{a^a + ^), (16) 

which is equivalent to harmonic oscillator in one dimension whose frequency is Co. Thus, its 
spectrum is given by 

E n = huj(n + 1/2), 
where n — 0, 1, • • • . In terms of the ground state 



n (f,^) = 4r(« t )>o. 



its eigenfunctions are given as 



These states can be used to write the Wigner functions as 

However, as it is mentioned above these Wigner functions are only formal, few of the integrals 
can be calculated under some conditions. 



Although we are using the specific representation flTT|), let us assume that we can choose 
the realization 

Id Id 

where the parameter q is a c-number. Then, eigenfunctions of ([If]) coincide with the eigen- 
functions of one dimensional harmonic oscillator, which lead to Wigner functions [[| 

W , n (P, q) = t^e~ z L n (2z), (18) 
Tin 

where we used the variable 

z=(P 2 + q 2 ). 

P is the parameter appearing in the definition (|2|). 

As we have already mentioned in Section 2, there exists another method of calculating 
Wigner functions: We can use the fr-star product (Q) and the definition (f|). However, in 
this case we should define a c-number object corresponding to H nc . Let us define the effective 
c-number Hamiltonian 

(1 + k) 2 ^9 mw 2 ^, Co, . , , 

Heff = 2m ' P + —r + -(xp y - yp x ). (19) 

We would like to emphasize the fact that it is not classical because n depends on h. Now, to 
find the related Wigner functions we use the definition 

H eff *n Wi(p, 7, 9) = EWx(p, f, 6). (20) 

This can be written as a differential equation only in one variable 

P = H eff 



as 



rf 2 Wi(p) dWijp) 4 

dp 2 dp h 2 uo 

To solve this equation let us change the variable as 



R=£ (22) 

and write 

W 1 = e~ R/2 L(R). (23) 
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Thus ( |2"TD becomes 

+ I 1 - ^):775 - (o - ^hJ 



Wi = 0, (24) 



dR 2 y ' dR v 2 ^ 
whose solutions are Laguerre polynomials L n (4R) where n = 0, 1, • • • and 

E n = hu{n + 1/2). 

Thus we have 

W lfn (p, r, 6) = e- 2H eff/ h *L n (4H eff /hu). (25) 

Indeed, this is not surprising: The system is equivalent to one dimensional harmonic oscillator, 
which also can be observed at the "classical level" . By performing the canonical transformation 



Pi = — i=r-Px 7T- Vi I 1 = — l^Pv + —z— x i ( 26 ) 



P2 = l^Py 7T~ X ' ^2 = 7=^P* + — 7, — Vi (27) 

\/m 2 x/m 2 



the effective Hamiltonian becomes 

Heff = \{pl + ql). (28) 

The other set of variables (p 2 , q 2 ) leads to the degeneracy of the Landau levels after quantization. 

As it may be expected, using the effective Hamiltonian fll9"|) and assuming the representation 
(0) yield the same Wiener functions. 

4 Wigner Functions for the Landau Problem in Non- 
commutative Phase Space 

Quantum mechanics in noncommutative space can be defined in terms of Wigner functions 
found by making use of the -kn and *e simultaneously. However, when ^^-genvalue equations 
are considered it is plausible to treat r and p on the same footing. Thus, we would like to 
deform also momenta of the phase space by introducing 

*k = ^^(dpxdpy - d Py d Px ), (29) 

where k is any constant. 



Now, consider 

-k = -k h -k d * e ±, 
which we use to define the *-genvalue equation 

H*^ = E^, (30) 

where H is the classical Hamiltonian ([5]) of the Landau problem in the symmetric gauge (|6]). 
A similar approach for harmonic oscillator was given in ||. 
*-genvalue equation can be written as 

{H - f [±d r ■ d r + ^d p ■ d p - LU(d px dy ~ d py d X )\ 

-f \^fd r ■ o r + f 4 • d p + ku(d Px d y - d Pv d x ] 

+f [f d r ■ d r + kd p -d p +(^ + ±){d x d Py - d y d px ) (31) 

- f Hp- dr - ■ d p - f (y x d x - Px d Py - xd y + Py d Px )} 
+ l il m f(xd y - yd x ) + ±(p x d Py - Py d Px ) + %p y d y + yd Py - kxd Px - k Px d x )] - E}W 2 = 0, 

where d r = d/df and d p = 8/ dp. Introducing the variable 

C = H, (32) 

one can show that the imaginary part of (|3T| ) vanishes and it reads 

- Aa 2 (k, 6, ^(C^P + ^) + CW 2 (() = EW 2 (a (33) 

where we defined 

9/ , „ _ 1 ~ 9 6 2 ,k 2 u A m 2 kJ 2 . l^„.u 3 m koo. , . 

a 2 (k, 6, h) = -ftV + — — + —— + — - ■JM(—r- + — • 34 
16 16 mr 16 2 2 4 m 

In terms of the variable 

c 

v 



a(k, 9, h) 



(|33|) can be written as 

(^ 2 + d v - V /A + E)W 2 (v) = 0, 
where E = 4a £ efi) . By writing 

W 2 ( V ) = e'^ 2 L( V ), 
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we see that L(rj) satisfies the differential equation 

frdr, 2 + (1 - r])d v +E- l/2]L(n) = 0. 

Thus L{rf) is given as Laguerre polynomials L{rf) = L n {Arf) and 

E k)n = 4a{k,6,h){n + l/2), 

where as usual n = 0, 1, • • • . Therefore, Wigner functions of the Landau problem in noncom- 
mutative phase space are 

(— 1 \ n 

W 2 , n (p,r,k,9) = K -^e- H l 2a{ - k ' e ^L n {AH/a{k,e,K)). (35) 

There exists a very interesting case: When 

k = fc, = — uj 2 m 2 
4 

a(fc, ^, h) becomes independent of 6 : 

2 „ „ „ 
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Thus, noncommutativity relations of phase space can be taken such that the resultant quantum 
mechanics is not aware of noncommutativity. 

One can use the Wigner functions ( pop to calculate physical quantities. One of the first 



applications is to calculate the quantities considered in other frameworks and compare the 
results. Nevertheless, this approach constitutes an alternative method of defining the Landau 
problem in noncommutative classical phase space. 
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